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Abstract

The Yang number system, denoted as Yangn or Yn, is a recursive and
hierarchical mathematical structure. This document explores the exten-
sion of the Yang number system when the iteration number n is not an
integer but an arbitrary number from different number systems, including
p-adic numbers and other Yang numbers. Detailed definitions, examples,
potential applications, and properties of these generalized systems are
provided. Additionally, we introduce the concept of the Yang∞ number
system.

1 Introduction

The Yang number system is a flexible mathematical framework designed to
capture complex recursive and hierarchical relationships. Originally defined for
integer iterations, we extend this system to accommodate iteration numbers
from various number systems, including p-adic numbers and other Yang num-
bers. This extension broadens the applicability and mathematical richness of
the Yang number system. Furthermore, we explore the ultimate extension: the
Yang∞ number system.

2 Introduction to Yn Number System

The Y3 number system, denoted as Y3, is a 3-dimensional number system over
a field F . Elements in Y3 are represented as a+ bω+ cω2, where a, b, c ∈ F and
ω is a basis element. This paper details the steps to find the algebraic closure
and completion via Cauchy sequences of the Y3 number system and generalizes
the process to Yn number systems.

3 Definition of Y3 Number System

The operations in Y3 are defined as follows:
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3.1 Addition

Component-wise addition:

(a+ bω + cω2) + (d+ eω + fω2) = (a+ d) + (b+ e)ω + (c+ f)ω2

3.2 Multiplication

Define multiplication using the distributive property and specific multiplication
rules for ω. Assume:

ω3 = kω2 +mω + n

for some constants k,m, n ∈ F .

4 Algebraic Closure of Y3

4.1 Polynomials over Y3

Consider polynomials with coefficients in Y3. For example:

P (x) = (a0 + b0ω + c0ω
2) + (a1 + b1ω + c1ω

2)x+ . . .+ (an + bnω + cnω
2)xn

4.2 Finding Roots

For any polynomial P (x) that does not have a root in Y3, we extend Y3 by
adjoining the root of P (x). Consider the specific polynomial P (x):

P (x) = x2 − (1 + ω)x+ (2 + ω2)

To find the roots, we need to solve:

x2 − (1 + ω)x+ (2 + ω2) = 0

Using the quadratic formula in the context of Y3:

x =
(1 + ω)±

√
(1 + ω)2 − 4(2 + ω2)

2

4.2.1 Calculations

(1 + ω)2 = 1 + 2ω + ω2, (1)

4(2 + ω2) = 8 + 4ω2, (2)

∆ = (1 + 2ω + ω2)− (8 + 4ω2) = −7 + 2ω − 3ω2. (3)

We need to include
√
−7 + 2ω − 3ω2 in our field.
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4.3 Field Extensions

Construct the smallest field extension of Y3 that contains all the roots of polyno-
mials over Y3. For each polynomial that lacks roots in the current field, extend
the field by adding these roots.

4.4 Iterative Process

Continue extending Y3 iteratively by adjoining roots of polynomials until the
field is closed under polynomial equations.

4.5 Result: Algebraic Closure Yalg
3

The algebraic closure Yalg
3 is the field where every polynomial with coefficients

in Yalg
3 has a root within Yalg

3 .

5 Completion via Cauchy Sequences of Y3

5.1 Defining a Metric

Define a norm ∥ · ∥ on Y3 that satisfies the properties of a metric. For example,
we can use the following norm:

∥a+ bω + cω2∥ =
√
|a|2 + |b|2 + |c|2

5.2 Cauchy Sequences

Consider all Cauchy sequences in Y3. A sequence {xn} is Cauchy if for every
ϵ > 0, there exists an N such that for all m,n > N ,

∥xn − xm∥ < ϵ

5.3 Equivalence Classes

Define equivalence classes of these Cauchy sequences: two sequences {xn} and
{yn} are equivalent if

∥xn − yn∥ → 0 as n → ∞

5.4 Completion

The completion of Y3, denoted by Ŷ3, is the set of all equivalence classes of
Cauchy sequences in Y3.
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6 Combined Processes

6.1 Algebraic Closure of the Completion

6.1.1 Step 1: Completion of Y3

Complete Y3 to get Ŷ3. This involves taking the set of all equivalence classes
of Cauchy sequences in Y3.

6.1.2 Step 2: Algebraic Closure of Ŷ3

Find the algebraic closure of Ŷ3. Extend Ŷ3 by adjoining roots of all polynomials

over Ŷ3 iteratively until all polynomials have roots within the field.

6.1.3 Result: Algebraic Closure of the Completion Ŷ3

alg

The field Ŷ3

alg
is the algebraic closure of the completion of Y3.

6.2 Completion of the Algebraic Closure

6.2.1 Step 1: Algebraic Closure of Y3

Find the algebraic closure of Y3 to get Yalg
3 . This involves extending Y3 by

adjoining roots of all polynomials over Y3 until the field is algebraically closed.

6.2.2 Step 2: Completion of Yalg
3

Complete Yalg
3 by considering all Cauchy sequences in Yalg

3 and forming equiv-
alence classes.

6.2.3 Result: Completion of the Algebraic Closure Ŷalg
3

The field Ŷalg
3 is the completion of the algebraic closure of Y3.

7 Generalization to Yn

7.1 Define Yn

Define Yn similarly to Y3 but in n dimensions:

a0 + a1ω + . . .+ an−1ω
n−1

where ai ∈ F .

7.2 Algebraic Closure of Yn

Follow the same steps as for Y3 but apply to n-dimensional polynomials and
field extensions to obtain Yalg

n .
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7.3 Completion via Cauchy Sequences of Yn

Define a norm, consider Cauchy sequences, form equivalence classes, and com-

plete Yn to obtain Ŷn.

7.4 Combined Process for Yn

7.4.1 Algebraic Closure of the Completion

Complete Yn to get Ŷn. Find the algebraic closure of Ŷn to get Ŷn

alg
.

7.4.2 Completion of the Algebraic Closure

Find the algebraic closure of Yn to get Yalg
n . Complete Yalg

n to get Ŷalg
n .

8 Yang Number Systems with Arbitrary Itera-
tion Numbers

8.1 Iteration Number as a p-adic Number

A p-adic number α is expressed as:

α =

∞∑
n=0

anp
n

where an are the coefficients in the p-adic expansion and p is a prime number.
To extend the Yang number system with a p-adic iteration number, we

define:

Yangα =

∞∑
n=0

Yanganpn

This definition represents a series of iterations where each anp
n determines the

depth and structure of each level.

8.1.1 Example with p-adic Numbers

Consider the 3-adic number:

α = 1 + 3 + 9 + 27 + · · · =
∞∑

n=0

3n

For this 3-adic number, we define:

Yangα =

∞∑
n=0

Yang3n

This implies that the Yang number system is constructed by recursively adding
structures based on powers of 3.
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8.2 Iteration Number as Another Yang Number

Let β be a Yangm number, such as:

β = Yangm = (b1, b2, b3, . . . , bm)

To define the Yang number system with β as the iteration number, we use:

Yangβ = Yang(b1,b2,...,bm)

Each bi represents a sub-iteration or a sub-dimension, allowing a hierarchical
construction of the Yang number system.

8.2.1 Example with Yang Numbers

Consider:
β = Yang3 = (2, 3, 5)

Then:
Yangβ = Yang(2,3,5)

This means the Yang number system incorporates three levels of sub-iterations
corresponding to the values 2, 3, and 5.

8.3 Combined Approach: p-adic Iteration within Yang
Systems

Consider an iteration number that is both a p-adic number and follows the Yang
structure. Suppose:

α =

∞∑
n=0

anp
n

where each an is a Yangm number, say an = Yangmn
. We define:

Yangα =

∞∑
n=0

Yanganpn

Here, each anp
n incorporates the Yang structure, creating a deeply nested and

complex system.

8.3.1 Example with Combined Approach

Let:

α =

∞∑
n=0

Yangmpn = Yang3 + 3Yang2 + 9Yang1 + · · ·

Then:
Yangα = YangYang3

+Yang3Yang2
+Yang9Yang1

+ · · ·
This approach integrates both p-adic and Yang structures for a highly complex
and recursive number system.
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9 Properties of Generalized Yang Numbers

9.1 Additive and Multiplicative Properties

For any Yang numbers Yangn and Yangm, the basic arithmetic operations can
be defined as follows:

Yangn +Yangm = (a1 + b1, a2 + b2, . . . , ak + bk) (4)

Yangn ·Yangm = (a1 · b1, a2 · b2, . . . , ak · bk) (5)

where each component ai and bi are from the corresponding Yang structures.

9.2 Hierarchical and Recursive Structure

The recursive nature of Yang numbers allows for complex hierarchical structures.
For instance, YangYangn

indicates a system where each iteration is itself a Yang
number, leading to deeply nested layers of recursion.

9.3 Continuity and Differentiability

If we extend the Yang numbers to continuous domains,
we can explore properties such as continuity and differentiability. This would

involve defining appropriate functions over the Yang numbers and studying their
calculus properties.

9.4 Topological Properties

Yang numbers can be analyzed in a topological context, exploring properties
such as compactness, connectedness, and the existence of limits within the hier-
archical structure. This can provide insights into the behavior of functions and
sequences within the Yang framework.

10 Potential Applications

10.1 Number Theory

The hierarchical and recursive structure of Yang numbers can be used to ex-
plore new properties of numbers, especially in understanding divisibility, prime
factorization, and other number theoretic functions. The integration of p-adic
and Yang structures can lead to new insights and techniques in number theory.

10.2 Complex Systems

Yang numbers with arbitrary iterations can model complex systems where recur-
sive and hierarchical interactions are essential. This includes fractals, self-similar
structures, and systems with multiple scales of interaction. The recursive prop-
erties can be used to analyze stability, growth, and other dynamic behaviors.
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10.3 Cryptography

The complexity and nested nature of Yang numbers can be utilized in crypto-
graphic algorithms, providing new methods for secure communication and data
encryption. The hierarchical structure can enhance the security of cryptographic
schemes by introducing multiple layers of complexity.

10.4 Mathematical Physics

Yang numbers can be applied to model physical phenomena with recursive or
fractal-like properties, such as quantum systems, wave functions, and chaotic
systems. The ability to represent complex interactions at multiple scales can
provide new tools for analyzing physical systems.

10.5 Computer Science

Yang numbers can be used in algorithms, data structures, and computational
complexity. The recursive and hierarchical properties can be exploited to design
efficient algorithms and to model complex computational processes.

11 Yang∞ Number System

11.1 Definition

The Yang∞ number system represents the ultimate extension of the hierarchical
and recursive structure inherent in the Yangn systems, extending to an infinite
number of dimensions and iterations. Formally, it is defined as:

Yang∞ = lim
n→∞

Yangn

Each level Yangn incorporates increasingly complex structures, and Yang∞ rep-
resents the culmination of this process.

11.2 Properties

1. Infinite Dimensionality: Yang∞ includes an infinite number of dimensions,
each defined recursively and hierarchically.
2. Universal Containment: It contains all finite-dimensional algebras, including
complex numbers, quaternions, octonions, and higher-dimensional algebras.
3. Continuity and Smoothness: Functions defined on Yang∞ can exhibit prop-
erties of continuity and differentiability, extending classical analysis to this
infinite-dimensional space.
4. Algebraic Operations: Addition and multiplication in Yang∞ are defined
recursively, incorporating the operations from all lower-dimensional Yang sys-
tems.
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11.3 Example

Consider a sequence of Yang numbers:

Yang1,Yang2,Yang3, . . .

where each Yangn is defined recursively. The Yang∞ system is then:

Yang∞ = (Yang1,Yang2,Yang3, . . .)

Each component Yangn itself can be a complex, quaternion, octonion, or higher-
dimensional algebra, extending infinitely.

12 Future Work

Further research could explore the following areas:

• Algebraic Structures: Investigating the algebraic properties of Yang
numbers, such as groups, rings, and fields.

• Topological Properties: Studying the topological aspects of Yang num-
ber spaces, including compactness, connectedness, and continuity.

• Applications in Computer Science: Exploring the use of Yang num-
bers in algorithms, data structures, and computational complexity.

• Functional Analysis: Analyzing the functional properties of Yang num-
bers and their applications in various branches of analysis.

• Quantum Computing: Investigating the potential applications of Yang
numbers in quantum computing, including quantum algorithms and quan-
tum information theory.

• Machine Learning: Exploring the use of Yang numbers in machine
learning models, particularly in hierarchical and recursive neural networks.

13 Conclusion

By allowing the iteration number to be a p-adic number or another Yangm
number, the Yang number system can be generalized in several ways:

• p-adic Numbers: Use the p-adic expansion to define a recursive struc-
ture where each coefficient represents an iteration.

• Yang Numbers: Use the hierarchical properties of Yang numbers to
define iterations based on multi-dimensional structures.

• Combined Approach: Integrate both p-adic and Yang structures for a
highly complex and recursive number system.
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• Yang∞: The ultimate extension encompassing infinite-dimensional struc-
tures, incorporating all previous number systems.

Detailed Analysis of Yang∞ and YangYangYang...Yang∞
Deeper Mathematical Foundations

14 Yang∞:

14.1 Algebraic Operations:

- Vector Space Structure:
v = (a1, a2, a3, . . . )

- Addition and scalar multiplication are extended to handle infinite components.

(a1, a2, . . . ) + (b1, b2, . . . ) = (a1 + b1, a2 + b2, . . . )

c · (a1, a2, . . . ) = (c · a1, c · a2, . . . )

14.2 Inner Product Space:

- Define an inner product for infinite-dimensional vectors:

⟨u, v⟩ =
∞∑
i=1

aibi

- This requires the series to converge, implying u, v ∈ l2 (the space of square-
summable sequences).

14.3 Norm and Distance:

- Norm of a vector in Yang∞:

∥v∥ =

√√√√ ∞∑
i=1

|ai|2

- The norm defines a metric, enabling the measurement of distances.

14.4 Topological and Geometric Properties:

- The space is a complete inner product space, analogous to Hilbert spaces. -
Study properties like orthogonality, projections, and basis completeness.
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14.5 Functional Analysis:

- Linear operators in Yang∞:

T : Yang∞ → Yang∞

- Investigate properties like boundedness, compactness, and the spectrum of
operators.

14.6 Potential Extensions:

- Generalize concepts from finite-dimensional spaces, such as Fourier series and
transforms, to infinite dimensions. - Explore applications in quantum mechan-
ics, where states can be represented in infinite-dimensional Hilbert spaces.

15 YangYangYang...Yang∞
:

15.1 Recursive Algebraic Structure:

- Iterative Construction: - Define Y0 = R. - Each subsequent layer is defined
as:

Yn+1 = YangYn

15.2 Emergent Properties:

- Symmetries and Invariances: - Study how symmetries evolve with each layer,
potentially leading to new invariants. - Complexity and Fractal Structures:
- The recursive construction might exhibit fractal-like properties, with self-
similarity at different scales.

15.3 Algebraic Interactions:

- Higher-Order Operations: - Define operations that respect the nested struc-
ture, ensuring consistency across layers. - Nested Function Theory: - Develop a
theory of functions over nested structures, exploring higher-order recursion and
fixed-point theorems.

15.4 Limit Process and Topology:

- Convergence Criteria: - Define a topology or metric that ensures the se-
quence {Yn} converges to Y∞. - Compactness and Connectedness: - Investigate
whether Y∞ retains these properties from its finite-dimensional analogs.

Examples and Illustrations
Infinite-Dimensional Vectors in Yang∞:
1. Addition and Scalar Multiplication:

u = (a1, a2, . . . ), v = (b1, b2, . . . )
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u+ v = (a1 + b1, a2 + b2, . . . )

c · u = (c · a1, c · a2, . . . )

2. Inner Product and Norm:

⟨u, v⟩ =
∞∑
i=1

aibi

∥u∥ =

√√√√ ∞∑
i=1

|ai|2

Nested Layers in YangYang...Yang∞
:

1. Base Case and First Layer:

Y0 = R

Y1 = YangR ≈ C

2. Second Layer and Beyond:

Y2 = YangC ≈ H

Y3 = YangH ≈ O

3. Recursive Limit:
Y∞ = lim

n→∞
Yn

- Define the limit in a suitable topological space to handle the infinite nesting.
Applications and Implications
Theoretical Physics:
1. Quantum Field Theory: - Yang∞ could model states and operators in

infinite-dimensional Hilbert spaces. - Nested structures might represent multi-
scale or hierarchical phenomena in the universe.

2. Cosmology: - Recursive, nested models could explain hierarchical struc-
tures observed in the cosmos.

Mathematical Research:
1. Functional Analysis and Operator Theory: - Study properties of linear

operators in Yang∞. - Investigate function spaces over infinite dimensions and
their applications.

2. Recursive Function Theory: - Explore higher-order functions and fixed-
point theorems in the context of nested structures.

Complex Systems and Computation:
1. Deep Learning and AI: - Model multi-layered neural networks using re-

cursive, nested structures. - Infinite-dimensional representations for vast state
spaces in machine learning.

2. Fractal and Hierarchical Models: - Use recursive constructions to model
fractals and hierarchical systems in biology and other fields.
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Summary
Both Yang∞ and YangYangYang...Yang∞

offer unique approaches to handling in-

finity in mathematical structures. Yang∞ provides a direct infinite-dimensional
framework, akin to Hilbert spaces, with applications in quantum mechanics and
functional analysis. The recursive, nested structure of YangYangYang...Yang∞

in-

troduces a higher level of complexity, with potential applications in hierarchical
models, theoretical physics, and AI.

Each approach offers rich fields for exploration, providing new insights and
tools for understanding complex and infinite-dimensional systems.
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